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Abstract 

After the introduction of fuzzy sets by Zadeh, there have been a 
number of generalizations of this fundamental concept. The notion of 
intuitionistic fuzzy sets introduced by Atanassov is one among them. 
In this paper, we apply the concept of an intuitionistic fuzzy set to 
iJ„-modules. The notion of an intuitionistic fuzzy 77„-submodule of 
an iJ„-module is introduced, and some related properties are inves¬ 
tigated. Characterizations of intuitionistic fuzzy i/„-submodules are 
given. 
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1 Introduction 

The concept of hyperstructure was introduced in 1934 by Marty m at 
the 8th congress of Scandinavian Mathematicians. Hyperstructures have 
many applications to several branches of both pure and applied sciences 
[nini- Vougiouklis m introduced a new class of hyperstructures so-called 
if^-structure, and Davvaz [0] surveyed the theory of H^y-structures. After 
the introduction of fuzzy sets by Zadeh m, there have been a number of 
generalizations of this fundamental concept. The notion of intuitionistic 
fuzzy sets introduced by Atanassov ^ is one among them. In [^j, Biswas 
applied the concept of intuitionistic fuzzy sets to the theory of groups and 
studied intuitionistic fuzzy subgroups of a group. In m, Kim, Dudek and 
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Jun introduced the notion of intuitionistic fuzzy sub quasigroups of a quasi¬ 
group. Also in m, Kim and Jun introduced the concept of intuitionistic 
fuzzy ideals of a semigroup. Recently, Dudek, Davvaz and Jun m consid¬ 
ered the intuitionistic fuzzification of the concept of sub-hyperquasigroups 
in a hyper quasigroup and investigated some properties of such hyperquasi¬ 
groups. In this paper, we apply the concept of intuitionistic fuzzy sets to 
JJ^,-modules. We introduce the notion of intuitionistic fuzzy iJ^-submodules 
of an iJ^-module and investigate some related properties. We give charac¬ 
terizations of intuitionistic fuzzy JJ^-submodules. 

2 Fuzzy sets and intuitionistic fuzzy sets 

The concept of a fuzzy set in a non-empty set was introduced by Zadeh m 
in 1965. 

Let A be a non-empty set. A mapping jjL : X —> [0,1] is called a fuzzy 
set in X. The complement of /r, denoted by is the fuzzy set in X given 
by /i'^(x) = 1 — fi{x) for all x G X. 

Definition 2.1. Let / be a mapping from a set A to a set Y. Let /r be a 
fuzzy set in A and A be a fuzzy set in Y. Then the inverse image /“^(A) of 
A is a fuzzy set in A defined by 

f~^{X){x) = A(/(x)) for all x G X. 

The image f{gi) of /r is the fuzzy set in Y defined by 

r sup ix{x) if f~^{y) + 0, 

/(/^)(y) = \ 

{ 0 otherwise. 


for all y gY. We have always 

and /i < /"^(/(/i)). 

Rosenfeld m applied the concept of fuzzy sets to the theory of groups 
and defined the concept of fuzzy subgroups of a group. The concept of fuzzy 
modules was introduced by Negoita and Ralescu in m- 

Definition 2.2. (cf. Negoita and Ralescu ^Sl)- Let M he, a module over 
a ring R. A fuzzy set /r in M is called a fuzzy submodule of M if for every 
x,y G M and r G R the following conditions are satisfied; 

(1) ;u(0) = 1, 

(2) mm{fj,{x), fj,{y)} < iJ,{x — y) for all x,y G M, 

(3) /i(x) < fj,{rx) for all x G M and r G R. 
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Definition 2.3. An intuitionistic fuzzy set A in a non-empty set X is an 
object having the form 


A = {{x, ij,a{x), Xa{x)) I X G X}, 

where the functions ha ■ X —> [0,1] and : X —> [0,1] denote the degree 
of membership (namely ha{x)) and the degree of nonmembership (namely 
Xa{x)) of each element x € X to the set A respectively, and 0 < ha{x) + 
Xa{x) < 1 for all X € X. For the sake of simplicity, we shall use the symbol 
A = (ha, Xa) for the intuitionistic fuzzy set A = {( x , ha{x), Xa{x)) \ x G X}. 

Definition 2.4. Let A = {ha-, Xa) and B = (hb, Xb) be intuitionistic fuzzy 
sets in X. Then 

(1) A B iff ha{x) < Hb{x) and A^(x) > Xb{x) for all x G X, 

(2) A'^ = {{x, Xa{x), ha{x)) I X G X}, 

(3) A n S = {(x, min{;U^(x), ;Ub(x)}, max{AA(a;), Ab(x)}) | x G X}, 

(4) AUS = {(x,max{//A(a:),/UB(a:)},mm{AA(x),AB(x)}) | x G X}, 

(5) DA = {{x,HA{x),HAix)) \ X e X}, 

(6) OA = {(x, A((^(x), Xa{x)) I X G X}. 

Now, we define an intuitionistic fuzzy submodule of a module. 

Definition 2.5. Let M be a module over a ring R. An intuitionistic fuzzy 
set A = (ha, Xa) in M is called an intuitionistic fuzzy submodule of M if 

(1) ha{0) = 1, 

(2) min{HA{x),HA{y)} < Ha{x - y) for all x,y € M, 

(3) ha{x) < Ha{x • x) for all X G M and r £ R, 

(4) Aa(0) = 0, 

(5) Xa{x - y) <max{XA{x),XA{y)} forallx,yGM, 

(6) Xa^t ■ x) < XaIx) for all X G M and r £ R. 

3 i7„-structures 

A hyperstructure is a non-empty set H together with a map * : H x H ^ 
V*{H) which is called hyperoperation, where V*{H) denotes the set of all 
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non-empty subsets of H. The image of pair (x, y) is denoted hy x * y. If 
X (z H and A, B C H, then hy A* B, A* x and x * B we mean 

A* B = 0 * 6 , A* X = A* {x} and x * B = {x} * B, 

a£A,beB 

respectively. A hyperstructure {H, *) is called an H^-semigroup if 

(x * (y * z)) n ((x *y) * z) for all x,y,z £ H. 

Definition 3.1. An H^-ring is a system (i?, •) with two hyperoperations 

satisfying the following axioms: 

(i) {R, +) is an H^-group, i.e., 

((x + y) + z) r\{x + {y + z)) ^ % for all x,y & R, 

a + R = R + a = R for all o G i?; 

(ii) {R, ■) is an //^-semigroup; 

(hi) is weak distributive with respect to i.e., for all x,y,z € R: 

{x ■ {y + z)) n {x ■ y + X ■ z) ^ 0, 

{{x + y) ■ z) n {x ■ z + y ■ z) ^ 

Definition 3.2. (cf. Vougiouklis isni). A non-empty set M is called an 
Hy-module over an Hy-iing R if {M,+) is a weak commutative Hy-gioup 
and there exists a map 

■ : Rx M —> 'P*{M), (r, x) I—i- r • X 

such that for all a,b € R and x,y G M, we have 

(o • (x -h y)) n (a • X a • y) / 0, 

((a -|- 6 ) • x) n (o • X -|- 6 • x) 7 ^ 0 , 

{{ab) ■ x) n (a • (6 • x)) 7 ^ 0 . 

We note that an 1/^-module is a generalization of a module. For more 
dehnitions, results and applications on l/t,-modules, we refer the reader to 
[iilHllini. Note that by using fuzzy sets, we can consider the structure of 
i/.u-module on any ordinary module. 

Example 3.3. (cf. Davvaz [^). Let M be an ordinary module over an 
ordinary ring R, and let fiA be a fuzzy set in M and ys be a fuzzy set in 
R. We dehne hyperoperations o, *, 0 and 0 as follows: 

a o 6 = {t G ii I PB{t) = /.i_B(a + 6)} for all a, 6 G ii. 
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a * b = {t € R \ = fiB{ab)} for all a,b € R, 

X © y = {s G M I ^a(s) = Ma(x + y)} for all x, y G M, 
r Q X = {s € M I ^a(s) = ■ x)} for all r G i? and x G M, 

respectively. Then 

(i) {R, o, *) is an i?^-ring. 

(ii) (M, ©, ©) is an i?^-module over the Hy-iing (R, o, *). 

Definition 3.4. Let M be an //t,-module over an Hy-nng R. A non-empty 
subset S of M is called an Hy- submodule of M if the following axioms hold: 

(i) (S',©) is an L/^jj-subgroup of (M,+), 

(ii) R-S CS. 

Definition 3.5. Let Mi and M 2 be two iL^-modules over an iL^-ring R. A 
mapping / from Mi into M 2 is called a homomorphism if for all x, y G Mi 
and r G R, 


/(x + y) =/(x)+ /(y) and /(r • x) = r •/(x). 

The homomorphism / is said to be strong on the left if 

f{z) G /(x) + /(y) ^ 3x' G Mi : /(x) = f{x') and z ex' + y. 

Similarly, we can define a homomorphism which is strong on the right. If 
a homomorphism / is strong on the right and left, we say / is a strong 
homomorphism. 

Proposition 3.6. Let Mi and M 2 he two Hy-modules over an Hy-ring R 
and f : Mi —^ M 2 a strong epimorphism. If N is an Hy-submodule of M 2 , 
then f~^{N) is an Hy-suhmodule of Mi. 

Proof. Assume that xi,X 2 G f~^{N). Then there exists yi,y 2 G N such 
that /(xi) = yi, /(X 2 ) = y 2 and so /(xi + X 2 ) = yi + y 2 - Hence for every 

X G xi + X 2 we have /(x) G yi + y 2 © A' which implies x G f~^{N) and so 

X I + X 2 C f~^{N). Therefore xi + /“^(A^) C f~^[N) for every xi G f~^{N). 
Now, we show that f~^{N) C xi + f~^{N). For z G f~^{N), there exists 
y e N such that f{z) = y. Since y,yi e N and N is an iL„-subgroup of M 2 , 
there exists b e N such that y G yi + 6. Since / is onto, there exists a G Mi 
such that /(a) = 6 or a G f~^{b). Hence we have f{z) G /(xi) + /(a). Since 
/ is a strong homomorphism, there exists a' G Mi such that /(a) = f{a') and 
2 ; G xi + a'. Since f{a') = b e N,we have a' G f~^{N) and 2 ; G xi + /“^(A^), 
and so f~^{N) C xi + f~^{N). Therefore we have f~^{N) = xi + f~^{N). 
Similarly, we obtain f~^{N) = f~^{N) + xi. Thus the condition (i) of 
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Definition 3.4 is satisfied. 

For the condition (ii), let r G R and x G then f{x) G N, and so 

^ ■ f{x) N or f{r ■ x) ^ N, which implies r ■ x C Therefore the 

condition (ii) of Definition 3.4 is satisfied. □ 

In [3, Davvaz applied the concept of fuzzy sets to the algebraic hyper¬ 
structures. In particular, he defined the concept of a fuzzy Ff.y-submodule of 
an Ff^-module which is a generalization of the concept of a fuzzy submodule 
(see in]), and he studied further properties in i, i and uni. 

Definition 3.7. (cf. Davvaz |n|). Let M be an Lf^-module over an H^-rm.g 
R and /r a fuzzy set in M. Then ^ is said to be a fuzzy Hy-submodule of M 
if the following axioms hold: 

(1) mm{fi{x), fi{y)} < inf{/i(z) \ z G x + y} for all x,y G M, 

(2) for all x,a G M there exists y G M such that x G a + y and 

min{/x(a),/r(x)} < /i(y), 

(3) for all x,a G M there exists z G M such that x G z + a and 

min{//(a),^(x)} < /^(z), 

(4) yL{x) < int{fi{z) \ z G r ■ x} for all x G M and r G R. 

4 Intuitionistic fuzzy submodules 

In what follows, let M denote an Lf^-module over an Lf^-ring R unless 
otherwise specihed. We start by defining the notion of intuitionistic fuzzy 
if^-submodules. 

Definition 4.1. An intuitionistic fuzzy set A = (ha, Aa) in M is called an 
intuitionistic fuzzy Hy-submodule of M if 

(1) mm{fiAix),HAiy)} < inf{fiAiz) \ z G x-G y} for all x,y G M, 

(2) for all x,a G M there exist y, z G M such that x G {a + y) fl {z + a) 
and 

mln{fiAia), HAix)} < mln{^iAiy), fJ-Aiz)}, 

(3) yA{x) < inf{yLA{z) \ z G r • x} for all x G M and r G R, 

(4) sup{Ay 4 ( 2 :) \ z G X -G y} < max{AA(a:), XA{y)} for all x,y G M, 

(5) for all x,a G M there exist y,z G M such that x G (a + y) fl (z + a) 
and 

max{AA(y), Aa(^;)} < max{AA(a), AA(a:)}, 
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( 6 ) sup{Ay 4 (z) \ z € r ■ x} < Xa{x) for all x G M and r G R. 

Lemma 4.2. If A = {^a-,Xa) is an intuitionistic fuzzy Hy-submodule of M, 
then so is DA = {fiA,hA)- 

Proof. It is sufficient to show that fj,'^ satisfies the conditions (4),(5), and 
( 6 ) of Definition 4.1. For x,y (z M we have 

mm{fiA{x),fiAiy)} < mf{fiAiz) \ z e x + y} 

and so min{l — ^^(x), 1 — fi'^iy)} < inf{l — fi^{z) | z G x + y}. Hence 

min{l - Ha{x), 1 - MA(y)} < 1 “ sup{^;^(z) | z G x + y} 

which implies sup{/U^(z) |zGx + y}<l — min{l — ^^(x), 1 — /r^(y)}. 
Therefore 

sup{y5i(z) I z G X + y} < max{y5i(x), y$i(y)}, 

and thus the condition (4) of Definition 4.1 is valid. 

Now, let a, X G M. Then there exist y,z € M such that x G (a+y)n(z+a) 
and min{fiA{a), IUa{x)} < min{^/l(y),/i/l(z)}. It follows that 

min{l - y5i(a), 1 - y5i(x)} < min{l - y5i(y), 1 - y5i(z)} 


so that 

max{^\{y),n\{z)} < max{//;^(a),/i;^(x)}. 

Hence the condition (5) of Definition 4.1 is satisfied. 

For the condition (6), let x G M and r £ R. Since ha is a fuzzy Hy- 
submodule of M, we have 


and so 

which implies 


Ha{x) < mf{HA{z) I z G r • x} 

1 - HAix) < inf{l - HAiz) I z G r • x}, 


sup{/u^(z) I z G r • x} < h\{x)- 
Therefore the condition (6) of Definition 4.1 is satisfied. 


□ 


Lemma 4.3. If A = {ij,a,Xa) is an intuitionistic fuzzy Hy-submodule of M, 
then so is ()A = (A^, Aa). 

Proof. The proof is similar to the proof of Lemma 4.2. □ 


Combining the above two lemmas it is not difficult to verify that the 
following theorem is valid. 

Theorem 4.4. A = {ij,a,Xa) is an intuitionistic fuzzy Hy-submodule of M 
if and only if HA and ()A are intuitionistic fuzzy Hy-submodules of M. □ 
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Corollary 4.5. A = (/ja,-^a) is an intuitionistic fuzzy Hy-submodule of M 
if and only if ^a and are fuzzy Hy-submodules of M. 

Definition 4.6. For any t G [0,1] and fuzzy set jj, in M, the set 

U{fj,] t) = {x € M \ > t} (resp. = {x G M | fi{x) < t}) 

is called an upper (resp. lower) t-level cut of pi. 

Theorem 4.7. If A = {p,A,i^A) is an intuitionistic fuzzy Hy-submodule of 
M, then the sets U{piA'-,f) and L^Xa'A) Hy-submodules of M for every 
t G Im{pLA) n Im{\A). 

Proof. Let t G Im{pLA) n/m(A^) C [0,1] and let x,y G U{p.A',t). Then 
hA{x) > t and piA{y) > t and so min{///i(x),> t. It follows from the 
condition (1) of Definition 4.1 that mi{p,A{z) \ z ^ x + y} > t. Therefore 
z G U{yA]t) for all z G x + y, and so x + y C U{yA]t). Hence a + U{piA'-,t) C 
U{piA'-,t) and U{fiA]t) + a C U{yA',t) for all a G U{yA]t)- Now, let x G 
U{piA'-,t). Then there exist y,z € M such that x G (a + y) fl (z + a) and 
min{/iyi(x), y^(a)} < min{y A{y), hA{z)}. Since x, a G U{iiA'-,t), we have 
t < min{y^(x), yyi(a)} and so t < m.in{yA{y), yA{z)}, which implies y G 
U{iJ,A',t) and z G U{fiA]t). This proves that U{yA]t) C a + U{piA'-,t) and 
u\piA;t) C U{pLA;t) + a. 

Now, for every r Pi R and x G U{yA',t) we show that r • x C U{piA'-,t). 
Since A is an intuitionistic fuzzy iL„-submodule of M, we have 

t < piA{x) < in{{yA{z) \ z Pi r ■ x}. 

Therefore, for every z € r ■ x we get piA{z) > t which implies z G U{piA'-,t), 
so r ■ X C U{piA'-, t). 

If X, y G L(XA;t), then max{AA(x), AA(y)} < t. It follows from the 
condition (4) of Definition 4.1 that sup{A^( 2 :) | z G x + y} < t. Therefore 
for all z G X + y we have z G L{Xa; t), so x + y C L{Xa; t). Hence for all a G 
L(Xa', t) we have a+L{XA', t) C L{Xa] t) and L{Xa', t)+a C L[Xa'A). Now, let 
X G L{Xa] t). Then there exist y,z G M such that x G (a + y) n (z + a) and 
max{AA(y), Ayi( 2 :)} < max{AA(a), Aa(x)}. Since x,a G L{Xa'A)i we have 
max{AA(a), A^(x)} < t and so max{AA(y), A^( 2 :)} < t. Thus y G L{Xa'A) 
and z G L{Xa', t). Hence L{Xa', t) C a + L(Ayi; t) and L{Xa] t) C L{Xa', t) + a. 

Now, we show that r • x C L^Xa'A) every r G R and x G L^Xa'A). 
Since A is an intuitionistic fuzzy iL„-submodule of M, we have 

sup{Aa(2:) I z G r ■ x} < Ayi(x) < t. 


Therefore, for every z G r ■ x we get Xa{z) < t, which implies z G L{XA',t), 
so r • X C L(Xa', t). □ 



Theorem 4.8. If A = {fiA-, Aa) is an intuitionistic fuzzy set in M such that 
all non-empty level sets U{fj,A]t) and L{XA]t) are H^-submodules of M, then 
A = (plaiXa) is an intuitionistie fuzzy Hy-submodule of M. 

Proof. Assume that all non-empty level sets U{nA]t) and L{XA]t) are 
submodules of M. If to = mm{iJ,A{x), iaA{y)} and ti = max{AA(x), AA(y)} 
for x,y £ M, then x,y £ U{fiA] to) and x,y £ L{Xa', ti). So x+y C U{fiA'-, to) 
and x + y <£ L{Xa'Ai). Therefore for all 2 : G x + y we have yA{z) > to and 
^a{z) < ti, i.e., 


mf{;UA(2:) \ z £xZry}> minip. a{x) , p. A{y)} 

and 

sup{Aa(2:) \ z£x + y} < max{AA(x), XA{y)}, 

which verify the conditions (1) and (4) of Definition 4.1. 

Now, if t 2 = nim{pA{a), pa{x)} for x,a £ M, then a,x £ U{pA',t 2 ). So 
there exist yi, zi £ U{pA', ^ 2 ) such that x £ a -£ yi and x £ zi + a. Also we 
have t 2 < mim{pA{yi)., Pa{zi)}. Therefore the condition (2) of Definition 
4.1 is verified. If we put to = max{AA(a), Aa(x)} then a,x £ L{XA]to). So 
there exist y 2 , Z 2 £ L{Xa', to) such that x £ a + y 2 and x £ Z 2 + a and we 
have max{AA(y 2 )) AA(y 2 )} < to, and so the condition (5) of Definition 4.1 is 
verified. 

Now, we verify the conditions (3) and (6). Let t 4 = pa{x) and to = Xa{x) 
for some x £ M and let r £ R. Then x £U {pA]t4) and x £ L{Xa, to). Since 
U{pA',t4) and L{XA,to) are iL„-submodules of M, we get r • x C U{pA',t4) 
and r • X C L{XA,to). Therefore for every z £ r ■ x we have 2: G U{pA',t4) 
and 2 G L{XA,to) which imply pa{z) > ^4 and Aa(2:) < to. Hence 

uii{pA{z) I z £ r ■ x} > t4 = pa{x) 


and 


sup{Aa( 2) I 2 G r • x} < ts = Aa(x). 


This completes the proof. 


□ 


Corollary 4.9. Let S be an Hy-submodule of an H.t,-module M. If fuzzy 
sets p and X in M are defined by 


j ao if X £ S, 

I oi if X £ M \ S, 


A(x) 


Po if X £ S, 

Pi if X £ M\S, 


where 0 < oi < ao, 0 < Po < Pi and at + Pi < 1 for i = 0,1. Then 
A = {p,X) is an intuitionistie fuzzy Hy-submodule of M and U{p;ao) = 
S = L{X;Po). 


Corollary 4.10. Let Xs be the characteristie funetion of an H^-submodule 
S of M. Then A = (Xg,xp is an intuitionistic fuzzy Hy-submodule of M. 
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Theorem 4.11. 

of M, then 

and 


If A = {ij,a,^a) is an intuitionistic fuzzy Hy-submodule 
Ijla{x) = sup{q; G [0,1] | x G U{ij,a; «)} 


for all X G M. 


A/i(x) = inf{a G [0,1] | x G L{Xa; a)} 


Proof. Let S = sup{a G [0,1] | x G and let e > 0 be given. Then 

6 — e < a foi some a G [0,1] such that x G U{ij,a',<a)- This means that 
6 — e < fiA{x) so that 6 < ij,a{x) since e is arbitrary. 

We now show that ha{x) < S- If frA{x) = fd, then x G U{frA', P) and so 


/? G {a G [0,1] I X G U{fj,A', a)}- 


Hence 

fiAix) = P < sup{a G [0,1] \ X gU (ha', «)} = 5. 

Therefore 

HAix) = 5 = sup{a G [0,1] I X G U{fiA',Oi)}. 

Now let T] = inf{a G [0,1] | x G L{Xa', a)}. Then 

inf{a G [0,1] | x G L{Xa', «)} < rj + e 

for any e > 0, and so a < t] + e for some a G [0,1] with x G L{XA',Oi). 
Since Aa(x) < a and e is arbitrary, it follows that Ayi(x) < tj. 

To prove Xa{x) > rj, let Xa{x) = C- Then x G L{Xa]C) and thus 
C G {a G [0,1] I X G L{Xa',(a)}. Hence 

inf{a G [0,1] | x G L{Xa', a)} < C; 

i.e. 1 ] < ( = Xa{x). Consequently 

Xa{x) = r] = inf{Q; G [0,1] | x G L{Xa; «)}, 

which completes the proof. □ 

Definition 4.12. A fuzzy set in a set X is said to have sup property if 
for every non-empty subset S' of X, there exists xq G S' such that 

^(xo) = sup{^(x)}. 
xdS 

Proposition 4.13. Let Mi and M 2 he two Hy-modules over an Hy-ring R 
and f : Mi —> M 2 be a surjection. If A = {/ia^Xa) is an intuitionistic 
fuzzy Hy-submodule of Mi such that fiA und Aa have sup property, then 

(i) f{U{p.Ap)) = U{f{iXA)]t), 
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(ii) f{L{XA-,t))CL{f{XAy,t) 
Proof, (i) We have 


y e U{f{fiA);t) 



f{yA){y) > t 
sup {/Ua(x)} > t 

3x0 e f~^{y), AtA(xo) > t 
3X0 G f~^{y), Xo G U{^XA]t) 

f{xo) = y, Xo G U{nA;t) 

y G f{U{^A;t)). 


(ii) We have 


y G L{f{XA);t) f{>^A){y) < t 

=> sup {Ayl(x)} < t 

Xa{x) < t for all X G f~^{y) 

X G L{XA',t) for all x G f~^iy) 
^ y G f{L{XA;t)). 


□ 


Proposition 4.14. Let Mi and M 2 he two Hy-modules over an Hy-ring R 
and f : Mi —> M 2 be a map. If B = {pb,^b) is an intuitionistic fuzzy 
Hy-suhmodule of M 2 , then 

(i) f-\U{piB;t)) = U{f-\yB);t), 

(ii) f-\L{XB-,t)) = L{f-\XB);t) 
for every t G [0,1]. 

Proof, (i) We have 


X eU{f \yB);t) 



f~HyB){x) > t 
LBifix)) > t 
f{x) G U{p,B]t) 

X G f-^{U{yB]t)) 


(ii) We have 


X G L{f ^{XB);t) 



/■1(Ab)(x) < t 
Ab(/(x)) < t 
f{x) G L{XB-,t) 

X G f~^{L{XB;t)) 


□ 
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Definition 4.15. Let / be a map from a set X to a set V. If B = (/is, Ab) 
is an intuitionistic fuzzy set in V, then the inverse image of B under / is 
defined by: 

r\B) = 

It is easy to see that f~^{B) is an intuitionistic fuzzy set in X. 

Corollary 4.16. Let Mi and M2 he two H^-modules over an H^-ring R 
and f : Mi —M2 be a strong epimorphism. If B = {ple^Ab) is an 
intuitionistie fuzzy H^-submodule of M2, then f~^{B) is an intuitionistie 
fuzzy Hy-submodule of Mi. 

Proof. Assume that B = {pbiAb) is an intuitionistic fuzzy M^-submodule 
of M2. By Theorem 4.7, we know that the sets U{p,B]t) and L{AB',t) are 
if^-submodules of M 2 for every t G Im{piB)L\Im{AB)- It follows from Propo¬ 
sition 3.6 that f~^{U{fj,B',t)) and f~^{L{AB',t)) are M^-submodules of Mi. 
Using Proposition 4.14, we have 

f~^{U{pB-,t)) = U{f~^{pB);t), 

f-\LiAB;t)) = Lif-\ABy,t). 

Now by Theorem 4.8, the proof is completed. □ 

5 On fundamental modules 

The main tools in the theory of M^j-structures are the fundamental rela¬ 
tions. Consider an M^-module M over an M^-ring R. If the relation 7 * is 
the smallest equivalence relation on R such that the quotient R/'j*, the set 
of all equivalence classes, is a ring, we say that 7 * is the fundamental equiv- 
alenee relation on R and R/^* is the fundamental ring (see [1311^). The 
fundamental relation e* on M over R is the smallest equivalence relation on 
M such that M/e* is a module over the ring R/'j*. Let U be the set of all 
expressions consisting of finite hyperoperations either on R and M or the 
external hyperoperation applied to finite sets of elements of R and M. We 
define the relation e on M as follows: 

aeb if and only if {a, b} C u for some u &U. 

Let us denote P the transitive closure of e. Then we can rewrite the definition 
of P on M as follows: 

atb if and only if there exist zi,..., Zn+i G M with zi = a, Zn+i = b 
and ui, ... ,Un GlI such that 


{zi,Zi+i}Cui (i = l,...,n). 
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Theorem 5.1. ( cf. Vougiouklis 1201). The fundamental relation e* is the 
transitive closure of the relation e. 

Suppose 7 *(r) is the equivalence class containing r € R, and e*{x) the 
equivalence class containing x € M. On M/e*, the sum 0 and the external 
product 0 using the 7 * classes in R are defined as follows: 

e*(x) 0 e*{y) = e*(c) for all c € €*(x) + e*(y), 

7 *(r) 0 e*(x) = e*(d) for all d G 7 *(r) • e*{x). 

The kernel of the canonical map (p : M —> M/e* is called the core of M 
and is denoted by ujm- Here we also denote ujm the zero element of M/e. 
We have 


= e*(0), and e*{—x) = —e*{x) for all x G M. 


Definition 5.2. Let M be an Ht,-module over an H^-ring R and let A = 
be an intuitionistic fuzzy H^-submodule of M. The intuitionistic 
fuzzy set A/e* = , ^A^,) is defined as follows: 

jrj-* : M/e* [0,1] 


and 


f sup {yA{a)} ife*{x)^uJM 

= { a.ee*ix) 

[ 1 if e*{x) = UJM 


: M/e* [0,1] 

f inf {AA(a)} iie*{x)^ujM 

(x)) = { 

] 0 if e*{x) = UJM- 


In the following we show that 


0 < ^A"*(e*(x)) 0 AA^ ,(e*(x)) < 1, 

for all e*{x) G M/e*. 

If e*{x) = CUM) then the above inequalities are clear. Assume that x € H 
and e*{x) 7 ^ cum- Since 0 < yLA{o) and 0 < \a{o) for all a G e*(cc), we have 


0 < sup {yA{a)} + inf {AA(a)} 

aG.€*(x) aG€*{x) 


or 

O<7M^‘(e*(x))0^^.(e*(x)). 

On the other hand, we have 

iUA(a) + AA(a) < 1 or pAia) < I - XAia), 
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for all a G e*(a;), and so 

Jla’'*{ e*(x)) = sup {/iA(a)} 

a£e* (x) 

< sup {1 - Ayi(a)} 

a£e*{x) 

= 1 - inf {AA(a)} 

a£e* (x) 

= 1 -^^*(e*(x)). 

Hence /Ia"* (e*(x)) +^^*(e*(x)) < 1. 

Theorem 5.3. (cf. Davvaz |^). Let M he an Hy-module over an Hy-ring 
R and let p, be a fuzzy Hy-submodule of M. Then JIa^* is a fuzzy submodule 
of the module M/e*. 

Lemma 5.4. We have 

Proof. If e*{x) = oom, then 

(A^'>(o;h) = 1 - = 0 = 

Now, assume that e*{x) ^ ujm- Then 

{J/^/ne*{x)) =l-{J^/){e*{x)) 

= 1 - sup {A^(a)} 

a&€*{x) 

= 1 — sup {1 — AA(a)} 

a&€*{x) 

= inf {AA(a)} 

aGe*(x) 

□ 

Theorem 5.5. Let M be an Hy-module over an Hy-ring R and let A = 
{fiA, ^a) be an intuitionistic fuzzy Hy-submodule of M. Then A/e* = {JIa'^* , 
Aa^ «) is an intuitionistic fuzzy submodule of the fundamental module M/e*. 

Proof. Suppose that A = (^AjAa) is an intuitionistic fuzzy i?^-submodule 
of M. Using Lemma 4.3, A^ is a fuzzy Lf^-submodule of M and by Theo¬ 
rem 5.3, JiA^* and are fuzzy iL„-submodules of M/e*, and so (A^^ Y 
satishes the conditions (4), (5), (6) of Definition 2.5. Hence by Lemma 
5.4, Aa * satisfies the conditions (4),(5),(6) of Definition 2.5. Therefore 
A/e* = (jlAf , Aa^«) is an intuitionistic fuzzy submodule of M/e*. □ 
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6 Conclusions 


As a generalization of fuzzy sets, the notion of intuitionistic fuzzy sets was 
introduced by Atanassov and applications of intuitionistic fuzzy con¬ 
cepts have already been done by Atanassov and others in algebra, topologi¬ 
cal space, knowledge engineering, natural language, and neural network etc. 
Biswas IS] have applied the concept of intuitionistic fuzzy sets to the theory 
of groups and studied intuitionistic fuzzy subgroups of a group. The notion 
of an intuitionistic fuzzy subquasigroup of a guasigroup was discussed by 
Kim, Dudek and Jun m- Also the concept of intuitionistic fuzzy ideals 
of semigroups was considered by Kim and Jun m- The concept of hy¬ 
perstructure first was introduced by Marty M- Vougiouklis m, in the 
fourth AHA congress (1990), introduced the notion of J/^-structures. Re¬ 
cently, present authors m have discussed the intuitionistic fuzzification of 
the concept of subhyper quasigroups in a hyperquasigroup. The aim of this 
paper is to introduce the notion of an intuitionistic fuzzy J/^-submodule of 
an //.y-module, and to investigate related properties. Characterizations of 
intuitionistic fuzzy iJ^-submodules are given. Our future work will focus on 
studying the intuitionistic fuzzy structure of i7^,-nearring modules. 
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